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Abstract

The properties of entanglement entropy has been discussed and has been computed for some
of the simple systems. Replica trick to compute the entanglement entropy has been demostrated
for a simple system. The entanglement entropy of QFT has been derived by computing the Renyi
entropy and then using the replica trick.
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1 Introduction

Quantum entanglement is a phenomena of quantum mechanics, in which the properties of two systemss
are correlated even though they are far apart from each other. Even though has many applications in
quantum information theory and quantum computation, a theoretical research is going on to under-
stand it in Quantum field theory, many-body theory and other areas of physics.

This report is organised as follows. In the first section we introduce the phenomena of entanglement.
Then in the next two sections a measures of entanglement and some of their properties are discussed.
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The quantity that is of much interest to us is the entanglement entropy. This tells us about the extent
to which the systems are entangled. The purpose of this report is to obtain the entanglement entropy
in QFT. This is done through the replica trick in the Euclidean path integral representation. This
report is based on references [1][2][3].

2 Entanglement

Entanglement is a feature of Quantum Mechanics. Let’s start with a pure state |Ψ〉 ∈ H, where H is
the Hilbert space which can be factorised into two Hilbert subspaces

H = HA ⊗HB (1)

A B

Figure 1: Let Alice can do measurements only inside A, and Bob can measure only inside B.

The density matrix (see appendix (A) for properties of density matrix) of the system is given by

ρtot = |Ψ〉〈Ψ| (2)

The reduced density matrix ρA of the system is given by

ρA = trB ρtot =
∑
i

B〈i|ρtot|i〉B , ρB = trA ρtot (3)

where {|i〉B} is an orthonormal basis spanning B.
Note that if ρ = ρA ⊗ ρB , then the partial trace recovers ρA and ρB . Now, we may ask the

question, given ρ in the hilbert space H can the partial trace operation give ρA and ρB , which satisfies
ρA ⊗ ρB = ρ.

Let us look at the following examples. Consider the hilbert spaceHA,B are spanned by {|0〉A,B , |1〉A,B}.
Let |ij〉 = |i〉A ⊗ |j〉B . Thus, the hilbert space H is spanned bt {|00〉, |01〉, |10〉, |11〉}. Now consider
the density matrix ρ = |ψ〉〈ψ| for the state |ψ〉 = (|00〉+ |11〉)/

√
2, in the basis

ρ =
1

2


1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1

 (4)

On computing the partial traces we obtain

ρA = ρB =
1

2

[
1 0
0 1

]
(5)

As one can easily verify ρ 6= ρA ⊗ ρB .
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Now consider the density matrix for the state |ψ〉 = (|01〉+ |11〉)/
√

2 The density matrix |ψ〉〈ψ| is

ρ =
1

2


0 0 0 0
0 1 0 1
0 0 0 0
0 1 0 1

 (6)

In this case the partial traces are

ρA =

[
1/2 1/2
1/2 1/2

]
, ρB =

[
0 0
0 1

]
(7)

it can be easily verified that ρ = ρA ⊗ ρB .
Thus we saw that not all density matrices ρ ∈ H can be written in terms of tensor product of density

matrices in HA and HB . The systems in which the density operator can be written in terms of tensor
products of the density matrices in corresponding sub-Hilbert spaces are said to be separable. On the
other hand, if ρ cannot be expressed in for of tenor product between an operator in ρA,B ∈ HA,B are
said to be entangled. The names are evident from the state of the two cases also. For the separable
case we could write the state |ψ〉 = ((|0〉+ |1〉)/

√
2)A ⊗ |1〉B .

3 Entanglement Entropy

We saw if the system is entangled or not through an example. Now we ask if there is a quantity
which measures the amount of entanglement in a system. Entanglement entropy is an example of the
measure of quantum entanglement. The entanglement entropy a system is defined as the von-Neumann
entropy(see appendix ??) of it’s partial trace.

SA = − tr(ρA log ρA) (8)

Having known this definition, we want to understand what entanglement entropy really means for a
physical system. Consider a pure state in the general form

|Ψ〉 =
∑
i,µ

ciµ|i〉A ⊗ |µ〉B (9)

where |i〉A and |µ〉B are the orthonormal bases of HA and HB whose dimensions are dA and dB
respectively.Thus, ciµ is a dA × dB dimensional matrix.

For a separable state, cij factorises as cAi c
B
j and hence the state |Ψ〉 can be factorised as

|Ψ〉 = |ΨA〉 ⊗ |ΨB〉 (10)

where |ΨA〉 =
∑
i c
A
i |i〉A and |ΨB〉 =

∑
µ c

B
µ |µ〉B It is easy to see that the reduced density matrix

ρA = |ΨA〉〈ΨA| represents a pure state. Hence the entanglement entropy SA = 0(see appendix C).
The state |Ψ〉 is called entangled if it is not separable. In this case, the entanglement entropy SA

is expected to take a positive value.
We shall use Schimdt decomposition to write |Ψ〉 in the following form

|Ψ〉 =

min{dA,dB}∑
i

√
pk|ψk〉A ⊗ |ψk〉B (11)

where |ψk〉A,B are new orthonormal bases for A and B. The sum
∑
k pk = 1 and pk > 0∀k. This

can always be done because of singular value decomposition of the matrix ciµ. The singular value
decomposition of c gives

c = UΣV † (12)

where U and V are dA × dA and dB × dB unitary matrices. The matrix Σ has the following structure
based on whether dA ≤ dB . If dA < dB ,

Σ =


√
p1

. . . 0√
pdA

 (13)
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On the other hand if dA > dB then

Σ =



√
p1

. . .
√
pdB

0

 (14)

The new orthonormal bases |ψk〉A,B are the unitary transformation of original bases |i〉A and |µ〉B ,
defined by

|ψk〉A =
∑
i

Uik|i〉A (15)

and
|ψk〉B =

∑
µ

Ukµ|µ〉B (16)

The Schmidt decomposition gives a mixed state density matrix with a probability distribution pk
as

ρA =

min(dA,dB)∑
k

B〈ψk|Ψ〉〈Ψ|ψk〉B =

min(dA,dB)∑
k

|ψk〉AA〈ψk| (17)

Since |Psi〉 is normalised, we have
∑min(dA,dB)
k pk = 1. Now that we have the expression of ρA, the

entanglement entropy is given by

SA = −
min(dA,dB)∑

k=1

pk log pk (18)

This is nothing but the shannon entropy of the probability distribution {pk}.
The mximum value of SA under the constraint

∑
k pk = 1 is(see appendix D).

SA|max = log min(dA, dB), with pk =
1

min(dA, dB)
∀k (19)

We conclude that the entangled state is a superposition of quantum states. The observer restricted
to a subsystem A will find himself in a mixed state if the system is entangled. If pure, he will find
himself in a pure state.

For the entangled case, the entanglement entropy is

SA =− tr ρA log ρA

=− tr

[
1/2 0
0 1/2

] [
log(1/2) 0

0 log(1/2)

]
=− tr

[
(1/2) log(1/2) 0

0 (1/2) log(1/2)

]
= log 2

(20)

4 Properties of entanglement entropy

Since the entanglement entropy is the von-Neumann entropy of the subsystem A, it inherits all the
properties of the von-Neumann entropy.

For a state described by ρ the von-Neumann entropy is

S = 〈− log ρ〉 = − tr ρ log ρ (21)

If the wave function is pure the entanglement entropy of the subsystem A and its complement
B = Ā are the same. This can be seen from the Schmidt decomposition of the pure wave function.
The expression of the Schimdt decomposition is symmetric under the interchange of A and B, leading
to the entanglement entropy SA = SB = −

∑
k pk log pk where

√
pk are the schmidt coefficients.
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The entanglement entropy of the systems A and B satisfy subadditivity property.

SAB ≤ SA + SB (22)

It also satisfies the Araki Lieb inequality[4]

|SA − SB | < SAB (23)

For three subsystems A, B and C we have the stong additivity principle

SABC + SB ≤ SAB + SBC (24)

SA + SC ≤ SAB + SBC (25)

5 Some measures of entanglement

Some of the measures of entanglement are relative entropy, mutual information and Renyi entropy. In
this section we list out some of the properties of these measures.

5.1 Relative Entropy

Given two states described by the density matrices ρ and σ we define the relative entropy of ρ wrt σ
as

S(ρ||σ) = tr(ρ(log ρ− log σ)) (26)

We note that the relative entropy is non negative(see appendix E). The strong subadditivity of these
entropies follow from Klein’s inquality.

With suitable choices of the density matrix we can obtain a relation between the realtive entropy
and entanglement entropy.

This follows from the definition of relative entropy as

S(ρA||1A/dA) = tr[ρA(log ρA − log 1 + log dA)] (27)

Now using the fact that tr ρA = 1 and the definition of entropy we have

S(ρA||1A/dA) = log dA − SA (28)

5.2 Mutual Information

The mutual information I(A,B) is defined as

I(A,B) = SA + SB − SAB (29)

The sub-additivity of the entropies guarantee the non-negativity of mutual information.

I(A,B) ≥ 0 (30)

It is the amount of information common to both systems A and B. It can be thought of as the
intersection of information in both systems. In the same analogy SAB is the union of the information
in both systems. In terms of the set theoretic principles we can intuitively conclude that

I(A,BC) ≥ I(A,B) (31)

This follows from the strong additivity as follows

SBC + SAB ≥ SABC + SB

=⇒ SBC − SABC ≥ SB − SAB
=⇒ SA + SBC − SABC ≥ SA + SB − SAB
=⇒ I(A,BC) ≥ I(A,B)

(32)
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In terms of relative entropy the mutuak information can be written as

I(A,B) = S(ρAB ||ρA ⊗ ρB) (33)

To see this we use the definition of mutual information and that of relative entropy

S(ρAB ||ρA ⊗ ρB)

= tr[ρAB(log ρAB − log ρA ⊗ ρB)]

= tr[ρAB log ρAB ]− ρAB log(ρA ⊗ 1B)− ρAB log(1A ⊗ ρB)

=− SAB + SA + SB = I(A,B)

(34)

5.3 Renyi entropy

The Renyi entropy is defined as

Sn(A) =
1

1− n
log trA(ρnA) (35)

where n is an integer called replica parameter. In the limit n → 1 with normalisation trA ρA = 1 we
define

lim
n→1

Sn(A) = S(A) (36)

An intuition to this definition is as follows (though not rigorous, but gives a perspective)

lim
n→1

Sn(A) = lim
n→1

1

1− n
log trA(ρnA)

=
1

(−1)

1

trA ρnA
tr(ρnA log ρ) Using L’ hospital rule

= − 1

trA ρA
tr(ρA log ρA)

= SA

(37)

Though the Renyi entropy is defined for integral values of n, analytic continuation of this definition
to real values of n is helpful such as in the case shown above.

6 Two coupled harmonic oscillators

in this section we learn about computing the partial trace of density matrix and then the entanglement
entropy for the coupled oscillator case. We first consider the hamiltonian of two coupled Simple
Harmonic Oscillators. The Hamiltonian of the system is given by

H =
1

2

[
p2
A + p2

B + k
(
x2
A + x2

B

)
+ l (xA − xB)

2
]

(38)

where xA,B and pA,B are the positions and conjugate momenta of the two oscillators. k and l are
related to the mass and coupling . We want to find the ground state of this system.

To simplify we introduce new variables

x± =
xA ± xB√

2
(39)

We further define
ω+ =

√
k, ω− =

√
k + 2l (40)

In terms of operators (with ~ = 1,m = 1)

H =
1

2

[
−∂2

A − ∂2
B + k

(
x2
A + x2

B

)
+ l (xA − xB)

2
]

(41)

6



The above variable transformation leads to

xA =
x+ + x−√

2

xB =
x+ − x−√

2

∂A =
1

2
(∂+ + ∂−)

∂B =
1

2
(∂+ − ∂−)

x2
A + x2

B = x2
+ + x2

−

∂2
A + ∂2

B = ∂2
+ + ∂2

−

xA − xB =
√

2x−

(42)

Using these expression we obtain

H =
1

2

[
−∂2

+ − ∂2
− + k

(
x2

+ + x2
−
)

+ l
(√

2x−

)2
]

=
1

2

[
−∂2

+ − ∂2
− + kx2

+ + (k + 2l)x2
−
]

=
1

2

[
−∂2

+ − ∂2
− + ω2

+x
2
+ + ω2

−x
2
−
]

=
1

2

[
−∂2

+ + ω2
+x

2
+

]
+

1

2

[
−∂2
− + ω2

−x
2
−
]

(43)

In the new variables x+ and x− the harmonic oscillators are uncoupled. From basic quantum mechanics
we know

Hψ(x+, x−) = Eψ(x+, x−) (44)

satisfies E = (n+ +1/2)ω+ +(n−+1/2)ω−. The ground state energy is E = (ω−+ω−)/2. The ground
state wavefunction is

Ψ (x+, x−) =
(ω+ω−)

1/4

π1/2
exp

[
−
ω+x

2
+ + ω−x

2
−

2

]
=⇒ Ψ (xA, xB) =

(ω+ω−)
1/4

π1/2
exp

[
−
ω+

(
x2
A + 2xAxB + x2

B

)
+ ω−

(
x2
A − 2xAxB + x2

B

)
4

]

=
(ω+ω−)

1/4

π1/2
exp

[
−(x2

A + x2
B)

(
ω+ + ω−

4

)
− xAxB

(
ω+ − ω−

2

)]
(45)

The wave function Ψ(xA, xB) = 〈xA| ⊗ 〈xB |Ψ〉. The matrix element of the density matrix is

ρA(xA, x
′
A) =〈xA| trB |Ψ〉〈Ψ|x′A〉

=

∫ ∞
−∞

dxB〈xA|〈xB |Ψ〉〈Ψ|xB〉|x′A〉

=

∫ ∞
−∞

dxBΨ(xA, xB)Ψ∗(x′A, xB)〉

=

√
γ − β
π

exp
[
−γ

2

(
x2
A + x′2A

)
+ βxAx

′
A

]
(46)

where

β =
(ω+ − ω−)

2

4 (ω+ + ω−)
, γ =

2ω+ω−
ω+ + ω−

+ β (47)

Now, all we need to do is to get the eigen values and eigen functions of ρA(xA, x
′
A).∫ ∞

−∞
dx′ρA (x, x′) fn (x′) = pnfn(x) (48)
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The matrix element of the density operator ρA(xA, x
′
A) has some sort of similarity with the gen-

erating functional of the Hermite polynomial. The generating function of the Hermite polynomial (
from mathematical methods course) is

exp
(
2xt− t2

)
≡
∞∑
n=0

Hn(x)tn

n!
(49)

Using this we can prove that

ρA(x, x′) =

√
α

π
(1− ξ)eα2 (x2+x′2)

∞∑
n=0

ξn

2nn!
Hn(α1/2x)Hn(α1/2x′) (50)

where α = (ω+ω−)1/2. We define

ξ =
β

α+ γ
(51)

Now, by using the orthogonality relation∫ ∞
−∞

dxe−x
2

Hn(x)Hm(x) =
√
π2nn!δnm (52)

we obtain the eigen values of the density matrix ρA as

pn = (1− ξ)ξn (53)

Having obtained the eigen values of the density matrix we can compute the entanglement entropy

SA =−
∑
n

pn log pn

=−
∑
n

[(1− ξ)ξn log(1− ξ) + n(1− ξ)ξn log ξ]

=− log(1− ξ)− (1− ξ)ξ(log ξ)
d

dξ

∑
n

ξn

=− log(1− ξ)− (1− ξ)ξ(log ξ)
d

dξ

1

1− ξ

=− log(1− ξ)− ξ

1− ξ
log ξ

(54)

Thus the entanglement entropy of two coupled oscillators is derived.

7 Euclidean Formalism

7.1 Replica trick

We have the definition of Renyi entropy

Sn(A) = − 1

n− 1
log tr ρnA (55)

We had defined S(A) = limn→∞ Sn(A). In taking the limit n → 1 we have used the analytic con-
tunuatio of n to real numbers. Note that in this limit the Renyi entropy is indeterminate of the form
0/0. Hence we apply L’ Hospital rule to obtain

S(A) = −∂n log tr ρnA (56)

Let us do an example here. Consider the state

|ψ〉 = cos θ|00〉+ sin θ|11〉 (57)
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Figure 2: This figure explains the repliaca trick to calculate the entanglement entropy S(A) for a two
spin system. The blue line corresponds to the von-Neumann entropy. Whle the red green and orange
lines are for the replica parameter n = 100, n = 2 and n = 1.5. The example of n = 1.5 is an example
of analytic continuation of replica parameter to real line. It can easily be observed that in the limit
n→∞, the Renyi entropy goes to the von-Neumann entropy.

The reduced density matrix ρA can be computed as

ρA = cos2 θ|0〉〈0|+ sin2 θ|1〉〈1| (58)

This implies
ρnA = cos2n θ|0〉〈0|+ sin2n θ|1〉〈1| (59)

The Renyi entropy is

Sn(A) = − 1

n− 1
log
(
cos2n θ + sin2n θ

)
(60)

The Renyi entropies for different replica parameter n is shown in the figure (2). Now, to obtain the
entanglement entropy

S(A) = − lim
n→1

∂n log(trA ρ
n
A) =− lim

n→1
∂n log

(
cos2n θ + sin2n θ

)
=− cos2 θ log cos2 θ − sin2 θ log sin2 θ

(61)

This is the same expression we computed earlier using the formula of von-Neumann entropy.

7.2 Path integral representation of the partial trace of density matrix

In the Heisenberg picture operators Â(t) evolve under the Heisenberg equation of as

i
d

dt
Â(t) = [Ĥ, Â(t)] (62)
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while the state vectors are time independent. On the other hand quantum mechanics in Schrödinger
picture the operators are time independent while the state vector evolves under the Schrödinger equa-
tion.

i
d

dt
|ψ(t)〉 = Ĥ|ψ(t)〉 (63)

This implies that the eigen vectors of the operators are also time independent such as x̂|x〉 = x|x〉.
The operators in both pictures are as follows.

x̂(t) = eiĤtx̂e−iĤt, |x, t〉 = eiĤt|x〉 (64)

The transition from an intitial state |xi, ti〉 at time t = ti, to the final state |xf , tf 〉 at time
t = tf > ti is given by 〈xf , tf |xi, ti〉. In the Schrödinger picture this is given as

〈xf , tf |xi, ti〉 = 〈xf |e−iĤ(tf−ti)|xi〉 (65)

(From class notes) Splitting of the time interval into smaller segments (tf − ti)/N with N → ∞ lead
to the path integral 〈

xf

∣∣∣e−iĤ(tf−ti)
∣∣∣xi〉 =

∫ x(tf )=xf

x(ti)=xi

[Dx(t)]ei
∫ tf
ti

dtL(x,ẋ) (66)

in the particular case where the kinetic energy operator is T̂ = p̂2/2m.
The wick rotation is a change of variabe t→ −iτ . Now the transition amplitude becomes

〈xf ; τf |xi; τi〉 =
〈
xf

∣∣∣e−Ĥ(τf−τi)
∣∣∣xi〉

=

∫ x(τf )=xf

x(τi)=xi

[Dx(τ)]e−IE(x)
(67)

where IE is the Euclidean action. (In class, we used the notation SE , but we reserve the notation S for
entropy in this report.) We now study a particular case in which (xf , τf ) = (x, 0) and (xi, τi) = (y, T ),

where T → −∞. Now inserting a complete set of energy eigen states, Ĥ|n〉 = En|n〉 we obtain

〈x; 0|y;T 〉 =
〈
x
∣∣eHT ∣∣ y〉 =

∑
n

ψn(x)ψ∗n(y)eEnT (68)

where ψn(x) = 〈x|n〉 is the wavefunction of the nth energy eigen state with eigen value En. In the
limit T → −∞ the transition amplitude is mostly dominated by the ground state

〈x; 0|y;−∞〉 = lim
T→−∞

ψ0(x)ψ∗0(y)eE0T = ψ0(x)ψ∗0(y) (69)

where we have set E0 = 0 for simplicity. Now multiplying the both sides of the equation with ψ0(y)
and integrating over y, and then using the normalisation condition that

∫
dy|ψ0(y)|2 = 1, we obtain

ψ0(x) =

∫
dy

∫ x(0)=x

x(−∞)=y

[Dx(τ)]e−IE(x)ψ0(y) (70)

Now we change the notations slightly. the ground state will be denoted by Ψ(x) ≡ ψ0(x). We
shall henceforth write the path integral without specififying the boundary condition at τ = infty
as x(infty) = y unlike we did in the previous expression. With this convention the ground state
wavefunction is written as

Ψ(x) =

∫ τ=0,x(0)=x

τ=−∞
[Dx(τ)]e−IE(x) (71)

The complex conjugate in the wick rotated expression amounts to the path integral from τ = 0 with
certain boundary condition to the τ =∞.

Ψ∗(x) =

∫ τ=∞

τ=0,x(0)=x

[Dx(τ)]e−IE(x) (72)
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Having set this background we can now compute the entanglement entropy in the path integral
representation. Suppose the system is at zero temperature, the ground state represented by |Ψ〉, not
necessariy normalised. The density matrix is given by ρ = |Ψ〉〈Ψ|/Z and the partition function is
given by Z = 〈Ψ|Ψ〉. The reduced density matrix is represented by

ρA =
1

Z
trB |Ψ〉〈Ψ| (73)

Here, we consider a bipartite system of two particles whose coordinates are denoted by xA and xB .
The state in the total system is spanned by |xA, xB〉 = |xA〉 ⊗ |xB〉. Now the matrix element of the
reduced density matrix is given by

〈xA |ρA|x′A〉 =
1

Z

∫
dxB 〈xA, xB |Ψ〉 〈Ψ|x′A, xB〉 (74)

Here the partial trace is taken over the Hilbert space HB by integrating over xB . Now, we substitute
the expressions eq. (71) and (72) into the above equation and obtain

〈xA |ρA|x′A〉 = 1
Z

∫
dxB ·

∫ τ=∞
τ=ε,bc+

∫ τ=−ε,bc−

τ=−∞ [DyA(τ)DyB(τ)] e−IE(yA,yB) (75)

Here bc± are the boundary conditions at τ = ±iε and are given by,

bc+ = {yA(ε) = x′A, yB(ε) = xB}
bc− = {yA(−ε) = xA, yB(−ε) = xB}

(76)

These boundary conditions can be represented by using the delta function as

〈xA |ρA|x′A〉 =
1

Z

∫ τ=∞

τ=−∞
[DyA(τ)DyB(τ)] e−IE(yA,yB)δ

[
yA
(
0+
)
− x′A

]
δ
[
yA
(
0−
)
− xA

]
(77)

The notation 0± = limε→+0±ε. Here we have used the fact that∫ ∞
−∞

xB

∫ τ=∞

τ=ε,bc+

∫ τ=−ε,bc−

τ=−∞
[DyA(τ)DyB(τ)] =

∫ τ=∞

τ=−∞
[DyA(τ)DyB(τ)] (78)

7.3 Path integral representation of entanglement entropy in quantum field
theory.

The previous discussion was in the case of path integral representation of the quantum mechanics
(QM). In case of the quantum field theory (QFT), the analogue of x̂ in QM is the variable φ̂(x).

In d-dimensional QFT, the quantum field φ̂(x) lives in a d − 1 dimensional hypersurface (the other
dimension is of time t). In QFT the space is parametrised by the coordinate ~x. The analogous quantity
to state |x〉 of QM in QFT is |φ(~x)〉. The state vector that obeys the Schrödinger equation are the

eigen vectors of the field operators φ̂(t, ~x) at t = 0:φ̂(0, ~x) |φ0(~x)〉 = φ0(~x) |φ0(~x)〉. The wavefunction
Ψ(x) in QM is analogous to Ψ(φ(~x)) in QFT. Now we need a representation of the ground state wave
function in the path integral form as in the quantum mechanical case.

In this setting, the Euclidean path integral representation of the ground state wave functional
〈φ0(~x)|Ψ〉 in QFT is

Ψ [φ0(~x)] = 〈φ0(~x)|Ψ〉 =

∫ t=0,φ(t=0,~x)=φ0(~x)

t=−∞
[Dφ(t, ~x)]e−IE [φ] (79)

Now the conjugate of the wave functional by

Ψ∗ [φ′0(~x)] = 〈Ψ|φ′0(~x)〉 =

∫ t=∞

t=0,φ(t=0,~x)=φ′0(~x)

[Dφ(t, ~x)]e−IE [φ] (80)

It is intuitive to see these wavefunctions pictorially
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Figure 3: The plot represents the wavefunction in QFT and its complex conjugate. The integration is
performed over the shaded region.

The partition function is

Z = 〈Ψ|Ψ〉 =

∫
[Dφ0(t = 0, ~x)] 〈Ψ|φ0〉 〈φ0|Ψ〉 (81)

The partial trace in QFT is given by integrating the quantum field φB(t = 0, ~x) in for all ~x ∈ B.

ρA =
1

Z

∫ [
DφB(t = 0, ~x ∈ B)

] 〈
φB |Ψ

〉 〈
Ψ|φB

〉
(82)

Figure 4: The matrix element of the reduced density matrix [ρA]ab. The partial trace over B amounts
to gluing of the wavefunction and its conjugate over the ~x ∈ B. The boundary condition along A can
be imposed using the δ-function
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In terms of the delta function that impose the boundary condition, we have

[ρA]ab =
1

Z

∫
[Dφ(t, ~x)]e−IE [φ] ·

∏
~x∈A

δ
(
φ
(
0+, ~x

)
− φAb (~x)

)
δ
(
φ
(
0−, ~x

)
− φAa (~x)

)
(83)

Figure 5: Calculation of [ρnA]ab for n = 1, 2, 3. These are useful to compute the von-Neumann entropy
and the Renyi entropies S2 and S3.
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Figure 6: Calculating the trA ρ
n
A. This will be used in the formula for Renyi entropy. Then in the

limit n→ 1 one can compute the entanglement entropy of the QFT.
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Since we have obtained

trA ρ
n
A =

Zn
Zn

(84)

the entanglement entropy is given by

S(A) = − lim
n→1

∂n log
Zn
Zn

= − lim
n→1

∂n(logZn − n logZ) (85)

Thus, the entanglement entropy in QFT can be computed.
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A Properties of density matrix

A quantum system is described by its density matrix. It is a semi-positive definite hermitian matrix
(real and non-negative eigenvalues) whose trace is always unity. Let an N system consists of Ni
particles in normalised state |ψi〉, where i ∈ N and

∑
iNi = N . Let the single particle Hilbert space

H be spanned by the basis |n〉, with n = 1, 2 . . .. The probability to find a particle in state |ψi〉 is
pi = Ni/N . The density matrix quantum system is

ρ =
∑
i

pi|ψi〉〈ψi| (86)

To see that the tr(ρ) = 1, note that

LHS = tr(ρ) =
∑
n

〈n|
∑
i

pi|ψi〉〈ψi|n〉

=
∑
n

∑
i

pi〈n|ψi〉〈ψi|n〉

=
∑
n

∑
i

pi〈ψi|n〉〈n|ψi〉

=
∑
i

pi〈ψi|
∑
n

|n〉〈n|ψi〉

=
∑
i

pi〈ψi|ψi〉

=
∑
i

pi = 1 = RHS

(87)

The expectation value of an operator O is given by tr(Oρ). The density matrix provides a method
to determine if the state of the system is either mixed or pure. For a pure state tr

(
ρ2
)

= 1, while for

a mixed state tr
(
ρ2
)
< 1.

B Entanglement Purification

The density matrix ρA has enough information about HA in the sense that it can be used to construct
any correlation function in A. For example, the correlation of operator O and P is 〈OP〉 = tr(ρAOP).
The density matrix ρA may represent a mixed state or a pure state. We may now ask the question, if
there is any density operator ρ in a larger system whose subsystem is A, such that the partial trace
trB ρ gives ρA. It turns out that the answer is yes.

The most general density matrix in A is of the form

ρA =
∑
i

pi|i〉AA〈i| (88)

where {|i〉A} is an orthonormal basis in HA,
∑
i pi = 1 and pi ≥ 0∀i. We copy HA to another hilbert

space HĀ spanned by the orthonormal basis {|i〉Ā}. Now consider the density matrix given by

ρ = |χ〉〈χ| (89)

where
|χ〉 =

√
pi
∑
i

|i〉A ⊗ |i〉Ā (90)

It is easy to verify that the partial trace over Ā gives the ρA. Note that by enlarging the hilbert space
we constructed a pure state starting from a mixed state.

Consider a mixed state ρA = (|0〉〈0|+ |1〉〈1|)/2. The fact that it is a mixed state can be concluded
by observing that tr ρ2

A = 1/2 < 1. A pure state in the larger Hilbert space which gives the same
density matrix ρA on doint the partial trace is

|χ〉 =
|00〉+〉11√

2
(91)
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C Entanglement entropy of pure state vanishes

The density matrix for a pure state is given by

ρ = |ψ〉〈ψ| (92)

where |ψ〉 is some normalised-state in the Hilbert space. Now, choose an orthonormal basis that spans
H and one of them is |ψ〉. In this basis the density matrix will have a form in which only one of its
diagonal element is 1, while all other elements vanish. Now, it is easy to see that the log ρ = 0. So we
have S = − tr ρ log ρ = 0.

D Maximising shannon entropy under constraint
∑

k pk = 1

Let x be a lagrange multiplier for imposing the constraint
∑
k pk = 1.

To get the maximum we differentiate S = −
∑
k pk log pk + x(

∑
k pk − 1) w.r.t. pl and equate it to

zero.
0 = − log pl − 1 + x =⇒ pl = c, a constant, for all l (93)

The normalisation
∑d
k=1 pk = 1 imples pk = 1/d for all k. Putting this in the expression of S gives

S =

d∑
k=1

1

d
log

1

d
= log d (94)

E Klein’s inequality

The subadditivity of von-Neumann entropy relies on the positivity of relative entropy. In terms of
operators this is given by Klein’s inequality ( ref.) It states that for two operators A and B with
kerA ⊂ kerB(Note that kernel of a matrix A is the span of all vectors v such that Av = 0). Now,
Klein’s inequality states that

trA(logA− logB) ≥ tr(A−B) (95)

In our case A and B are density matrices. From the property of density matrices that their trace is
unity the right hand side of the inequality vanishes, thus proving the non-negativity of the relative
entropy.
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